The analytic investigation of lalTIinar cOlTIbustion processes which are essentially two-or three-dilTIcnsional present sOlTIe nlathelTIatical difficultics. There are, however, several exalTIples of two-dilTIensional flalTIe propagation which involve transverse velocitics that are slTIall in cOlTIparison with that in the principal direction of flow. Such exalTIples occur in thc problelTI of flame quenching by a cool surface, flame stabilization on a heatcd flat plate, combustion in laminar mixing zones, etc. In these cases the problem may be simplified by employing what is known in fluid mechanics as the boundary-layer approximation, since it was applied first by Prandtl in his treatment of the viscous flow over a flat plate. Physically it consists in recognizing that if the transverse velocity is slTIall, the variations of flow properties along the direction of lTIain flow are small in conlparison with those in a direction nornlal to the main flow. The analytic description of the problem simplifies accordingly. The present analysis considers the ignition and cOlTIbustion in the lalTIinar mixing zone between two parallel moving gas streams. One strealn consists of a cool combustible In ixlure, the second is hot combustion products. The two strealTIs come into contact at a given point and a laminar mixing process follows in which the velocity distribution is modified by viscosity, and the teluperature and composition distributions by conduction, diffusion, and chemical reaction. The decomposition of the conlbustihle stream is assulTIed to follow first-order reaction kinetics with tenlperature dependence according to thc Arrhenius law. For a given initial velocity, conlposition, and temperature distribution, the questions to hc answered arc: (I) Does the cOlTIbustible material iguite; and (2) how far downstream of the initial contact point docs the flamc appear and what is the dctailed process of devdopnlCnt. Since the hot strcam is ofinfinitc extent, it is found that ignition always takes placc at SOlne point of thc streanl. However, when thc temperature of the hot streanl drops below a certain value, the distance required for ignition increases so cnornlollsly that it cssentially does not occur in a physical apparatus of finite dinlension. The compl{;te deve!opnlent of thc lanlinar flalTIe front is cornputed using an approxirnation similar to the integral technique introduced hy von Karrnitn into boundary laycr theory. A XALYTIC studies of combustion in flowing gaseous mixtures (1, 2, 3)4 are confined, for the most part, to the plane one-dimensional flame front. The reason for this is not entirely because of the relative simplicity of this problem hut also because, due to the very small thickness of the laminar combustion zone at ordinary pressures, many actual situations are well approximated by the plane flame front in spite of the faet that the actual flame front is curved.
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Prc~pnted at the 8th AIlS );atio1l3! Convention, );ew York, (1, 2, 3) 4 are confined, for the most part, to the plane one-dimensional flame front. The reason for this is not entirely because of the relative simplicity of this problem hut also because, due to the very small thickness of the laminar combustion zone at ordinary pressures, many actual situations are well approximated by the plane flame front in spite of the faet that the actual flame front is curved.
There exist some problems, however, in which the ph~'sieal situation may in no way be approximated by a plane flame front. For example, the thermal quenching of a ghseous mixture ncar a cool wall (4) or the thermal ignition near a heated wall essentially involve two-dimensional fields. Likewise, combustion processes in free jets and combustion under condition" of mixing behveen t\vo gaseous "treams require considerations beyoncl the one-dimensional flame theory. In many problems l{ssociated with thermal jet-propulsio~l systems and rocket motors, the circumstance arises where a flowing stream of eombustible mixture is ignited by contact and mixing with another stream of hot gas or products of combustion. Such a process is certainly of importance near the injector of a roeket motor, in the flow and combustion of gas through the small ports of turbojet ('nns, and plays a definite and vital role in the flame stabilization on hluff bodies. This, in common with the other two-dimensional problems which have been mentioned, has the property that, for large stream velocities the variations of temperature, composition, and velocity are much larger in the direction normal to the stream than the~' are parallel to the direction of flow. In fluid mechanics, problems exhibiting this characteristic: are heated by the so-called boundary layer approximation which simplifies the description of the problem by deleting certain variations along the direction of flow in eompnrison with those aemss the flow. An extension of this idea to flow ,dth combustion allows an anal!·tic treatment of this entire class of problems. The present treatment is restricted to laminar flO\\' processes. in partieular that of the ignition and development of a flame iront in the laminar mixing zone between parallel stre,uns of eUlllbustible gas and hot produr:ts of ('ornlJ\l~tioll.
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After discussing the physical and chemical relations which apply to the problem and simplifying the equations through extension of the boundary layer concept, the initial portion of the mixing zone is investigated where the heat evolved through chemical reaction is yet small and the problem may be solved through a perturbation to the solution for mixing without combustion. Then using the integral technique introduced by von Karman into the study of the boundary layer, the development of combustion is traced approximately from ignition through development of the plane laminar flame front.
The authors have benefited from their many opportunities of discussing this work with Professor H. S. Tsien, through whose advice the problem has become much clearer and greatly simplified. They are most grateful for his patient and continued interest in the analysis.
ForIllulation of the COIllbustion ProbleIll
The problem of combustion in a laminar mixing zone may be formulated by considering two semi-infinite streams of gas flowing steadily parallel to the x-axis, one of a combustible mixture at temperature TJ flowing with a velocity Uj, the other consisting of combustion products at a temperature T2, less than the adiabatic flame temperature for the combustible mixture, moving with a velocity U2. Suppose the two streams begin to mix at x = O. Then if no reaction takes place the process is simply one where the velocity profile develops in a well-known manner ( Fig. 1 ) and the temperature profile grows in a somewhat similar fashion. In addition, diffusion takes place between the two streams of different gaseous composition, the combustible gas from the upper stream diffuses into the hot combustion products of the lower stream. Likewise products of combustion diffuse from the lower stream to dilute the combustible upper stream. Now when the combustible stream reacts chemically, producing heat in the process, the change in the resulting flow is most easily observed from the development of the temperature profiles. As indicated in Fig. 2 , the first noticeable modification will be the small increase in temperature caused by reaction of the gas which has diffused into the hot stream. The temperature increase takes place predominantly in the hotter part of the stream because of the extreme importance of the ambient temperature in promoting reaction. At a later stage the temperature profile is sufficiently distorted to produce a "bulge" where the local temperature exceeds that of the hot gas stream. From this point forward, the strongest 
, TE~IPERATURE PROFILES AND DEVELOPMENT OF LAMINAR FLAME IN MIXING REGION WITH CHEMICAL REACTION reaction takes place above the maximum temperature point, due to the fact that the greater concentration of combustible gas is exposed to the higher temperatures, and consequently the point of maximum temperature moves toward the upper stream. Eventually this zone of reaction develops into a thin region resembling the laminar flame front and propagates at the appropriate speed. Since the mixing zone grows roughly as V;, it is clear that the reaction zone will move out of the laminar mixing region into the undisturbed combustible mixture and hence develops into a true plane laminar flame front. If the velocities of the two gas streams are such that laminar flame makes a very small angle with the x-axis, that is, if Uj » laminar flame speed, then the boundary layer approximation is applicable throughout the region of flame development.
Three physical processes are involved in this problem: (A) The fluid mechanical development of the laminar mixing zone between the two streams through viscous action; (B) the development of the temperature field through conduction between the two streams and heat generated by chemical action; (C) molecular diffusion of each gaseous component into the other stream together with annihilation of combustible gas and generation of combustion products through chemical action. The first of these processes is described by the equations of motion for a viscous compressible fluid. Under the boundary layer assumptions only the dynamic equilibrium in the direction of flow need be considered. Furthermore, it is well known that due to the low value of the laminar burning speed, the pressure variations are negligible. Therefore the pressure field is uniform and, denoting by il, v the velocity components in the x, y directions, the equation of motion is
Here J1. is the viscosity'of the gas so that if it is assumed that the molecular weights of combustible and combustion products are the same", the viscosity is simply proportional to T, the local gas temperature. Now since the gas velocities are very small in comparison with the velocity of sound, the density p depends only upon the local gas temperature, in fact p '"'-' liT. The two velocity components and the density are related further through the equation of continuity, expressing the conservation of mass as
Now since the density is a function only of the temperature, 5 The three simplifying assumptions underlying this choice of gas properties are: (1) The molecular weights of both gases are equal so that ~he molecular weight of the mixture is independent of concentratlOns; (2) the gases are composed of Maxwellian molecu~es so that Il, for example, behaves as T; (a) the Eucken correctlOn for thermal conduction holds for the mixture.
it is particularly convenient to employ the Howarth transformation which introduces a new vertical seale (5, 6)
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where PI is the density of the combustible free stream. Calling the new coordinate system x, y where x = x, and new where v = /1oli'Pl is the kinematic viscosity of the combustible stream. Formally then the velocity field u, v is independent of the temperature and composition fields and may be determined separately. The calculation of the real field ii, v, however, requires knowledge of the temperature field to invert the transformation given by Equation [3] . The temperature field is described by the energy equation (7,8) which equates the convection of thermodynamic enthalpy with the transmission by conduction and the heat generation by chemical reaction. Then assuming the value of Cp , specific heat at constant pressure, to be the same for all gas compositions and independent of temperature, the differential relation is, neglecting the pressure variation
where Q is the rate at whieh heat is being added per unit volume at a point x, y, and A is the thermal conductivity of the gases which will be assumed proportional to the local temperature. The heat addition rate Q is determined by the heat of reaction q,6 the local mass concentration of the reacting molecules K, and the rate at which molecules of fuel are transformed into molecules of combustion products. This rate is usually accepted by chemists to be of the form (l/r)e-AIRT , the Arrhenius factor, where r is the characteristic time associated with a transformation, A the activation energy which measures the kinetic energy a molecule must possess in order to react successfully, and R the universal gas constant. For a unimolecular reaction, the rate of chemical transformation is simply the product of the local density of combustible gas with the Arrhenius factor, that is, Kp(l/ r)e -AI RT. Thus the rate of heat addition by chemical reaction is simply
It is again convenient to apply the Howarth transformation to the energy equation so that it will be written in terms of the same quantities as the momentum equation.
Cpr where p. = Cp /101/AI is the Prandtl number of the gases, which is constant. For nonvanishing temperature the heat evolved through chemical reaction vanishes only if the local concentration of combustible matter vanishes. This fact leads to the formal difficulty that a gas which flows from x = -0) is completely reacted unless a condition is added to disconnect the flow from x = -0) • The identical problem arises in the study of the one-dimensional laminar flame and has recently been discussed by von Karman (3). In the present work it will be treated in a manner similar to that which von Karman has employed for one-dimensional flame propagation. Finally the distributions of combustible gas pnd products of combustion must be determined through the conservation relations for the chemical species. There are two species and hence two conservation laws; however, it is clear that the two must sum to the gross continuity relation, Equation [2] , and hence only one is independent. It is convenient to consider the mass concentration K of the combustible gas. The movement of this gas differs from that of the complete gas only by the diffusion velocity and the combustible mixture is destroyed locally according to the reaction rate. Then with good approximation
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If the Howarth transformation is again carried out, and the Schmidt number Se = /10/ pD assumed to be constant, then the conservation of combustible material may be written , and [101 now describe the simplified combustion process which takes place in an equivalent incompressible flow. By virtue of the Howarth transformation the momentum and continuity equations may be treated independently of the temperature and composition fields and hence constitute a conventional mixing problem. The energy relation and equation for conservation of combustible material must be solved simultaneously, employing knowledge of the velocity field. Since the equations are nonlinear it is clear that solutions may be expected in only certain cases or certain regions and only approximate solutions may be obtained with any generality. Because of the importance of the ignition region, a solution will be obtained for the early portion of the mixing zone. Then, by means of an approximate treatment, the complete course of development of a laminar flame front will be examined.
Initial Developlllent of the COlllbustion Zone
During the first portion of the combustion process, where the heat added by the chemical reaction is yet small, the velocity, temperature, and composition fields differ only slightly from those which would occur in the absence of chemical action. The fields without combustion may be computed easily, and consequently the variation due to combustion may be treated as a perturbation.
If the reaction were taking place at a temperature T and concentration K, the combustible material would be consumed at a rate K(lI r)e -AI RT. Due to the strong influence of the Arrhenius factor, the initial reaction takes place where T is nearly T2 and the concentration K is very small. The actual value of K where the reaction takes place most rapidly may be estimated by computing the maximum value of the local reaction rate. Thus and taking account of the fact that the reaction takes place where T "" T2, the local concentration is approximately It is obvious that (JCO) (,,) and K CO )(,,) satisfy Equations [15] and [16] , respectively, for the pure mixing problem, while the relations to be satisfied by (J(n) (,,) and K(n) (,,) follow upon substitution into Equations [18] and [20] , respectively, according to the classical perturbation technique. The firstorder perturbation gives simply where it is necessary that these perturbations and their derivatives vanish at" = ± 00.
The perturbation solution may be worked out for various special cases, the simplest of which is that where the velocities of the two streams are equal, that is, where A = 1. Then the stream function is just f = ", and it is easily demonstrated that the distributions of temperature and composition in the absence of combustion are just
where erf(z) = (2lY;) .10' e-" dt. Fig. 3 where it is clearly shown that the maximum perturbation occurs well below the center line of the mixing zone. This is due to the relatively preponderant effect of the stream temperature in increasing the reaction rate, so that although the concentration is low, the temperature is sufficiently high to react almost immediately that combustible which has diffused into this region. The temperature profiles show that very early a bulge is formed where the temperature exceeds that of the hot stream. This region continues to grow, working its way toward the combustible stream. The tendency is therefore for the initial reaction to develop into a flame since the temperatures continually increase with x.
The principal question is how long a time or, more realistically, how great a distance is required before the combustion takes place. The simplest significant length to measure is the value of x at which the temperature profile first exhibits a vertical tangent; that is, where the local temperature has increased sufficiently to form a "bulge" in the profile. Fortunately this point may be determined analytically, for considering only the first perturbation, it is clear that
Furthermore the smallest value of ~ at which this condition may be satisfied is the dimension of interest and will be denoted ~t. 
..... [33] Then, according to Equation [32] , the value of ~I is just 
DevelopIllent of the LaIllinar FlaIlle
The perturbation scheme employed in discussing the initial combustion zone is, of course, inappropriate for following the transition to a laminar flame front. However, since the initial region is known from the foregoing analysis, an approximate procedure is employed in extending the solution throughout the remainder of the flame zone. The technique that allows best use of the information which has so far been accumulated is the integral method introduced by von Karman into the study of laminar and turbulent boundary layers. In this method the differential equations are integrated across the stream utilizing a descriptive knowledge of the distribution of velocity, temperature, etc. The resulting ordinary differential equations then describe the manner in which the geometric widths of assumed profiles vary along the direction of flow. Extension of von Karman's integral method to problems of combustion simply necessitates addition of the integrated equations for species conservation to those for momentum and energy employed in the analysis of compressible boundary layer.
Since the success of the method is directly related to the reasonable choice of approximate profiles, it is necessary to be assured that profiles selected exhibit the essential physical characteristics. The velocity distribution is probably the simplest, since after the Howarth transformation it is independent of temperature or composition variations. The two fluid streams are initially separate and it is convenient to describe them by separate integral relations. The streamline which divides the two fluids is not straight but deflects during the mixing process. This deflection is negligibly small, however, and the division will be taken at the line y = 0; the velocity Uo is constant along this streamline (9). Now let 0, represent the extent of the mixing zone into the combustible mixture and -02 the extent into the hot combustion products. The momentum integral for the upper stream is then obtained by integrating the momentum equation, Equation [5] , over the range 0 £:. y £:. 0" in the conventional manner (10), to
Similarly in the lower fluid region
The results of these two relations must match at the dividing line so that the viscous shear be continuous. Since all fluid properties are continuous at this point,
.......... [40] oy 11, y=o+ oy 11, y=o-
The energy integrals are established through Equation [12] ; suppose the extent of the thermal layer above the x-axis is /31 (X) , while that below is -/32(X), It is convenient to make a division between the "upper" and "lower" streams along a line /3o(x) above which the reaction rate may be neglected. If the temperature of the hot stream is not too great, this may be taken as the isotherm having a temperature t'J = t'Jo corresponding to that of the dividing streamline (y = 0) in the absence of combustion. Then integrating over the region PrU, OYiy =13. (x) and for the region
For these equations the matching between the two regions expresses the physical fact that the heat conduction is continuous across /3o (x) , that is
Integration of the concentration relation [13] , presents the additional complication that the concentration K(/30) is not constant. Integration above the line /3o(x) leads to the relation u, 8 cu, oYI/3.+ and below the line /3o(x)
where ~1 (x) and -~2(X) are the thicknesses of the diffusion zone in the upper and lower streams respectively. The continuity of diffusive transport of combustible matter at /3o(x) gives the matching relation OK:
The perturbation analysis of the previous section disclosed the fact that the temperature profiles have a different character accordingly as the value of x is less than or greater than Xi where a temperature maximum first appears. To illustrate the manner in which this fact exhibits itself in the present approximate treatment, consider the situation where the Prandtl number is less than the Schmidt number so that the diffusion of combustible matter into the lower stream takes place more slowly than the increase of the thermal boundary layer thickness, that is, /32 > ~2 for the initial reaction zone.
Clearly then, the reaction takes place most rapidly at the highest temperature and consequently near the boundary ~2 of the diffusion zone. In spite of the low concentration of MARCH-ApRIL 1954 combustible material, the temperature increases in this region causing a reduction in thickness /32 of the lower thermal layer. In order that a combustion wave develop, it is necessary that the reaction eventually take place at a high temperature so that the thermal layer must decrease in thickness at a rate exceeding that at which the diffusion layer decreases due to consumption of combustible. Consequently the diffusion layer must exceed the thickness of the thermal layer after sufficient distance has been covered. As soon as this occurs, there exists a zone of reaction in the region where the temperature of the gas already is equal to T2 and hence the local temperature will exceed T2• This corresponds to the first appearance of a maximum in the temperature profile which was observed in the. perturbation calculation, and consequently it is clear that ~2 = /32 at a distance Xi downstream. Furthermore, a bifurcation occurs in the thermal layer thickness at Xi, and for x > XI; one branch lies above the maximum temperature, the other at the edge of the lower thermal zone, below the maximum. It is only the lower branch which possesses a particular physical significance. Therefore, although an approximation to the velocity and concentration profiles may be obtained which is valid over the whole mixing region, the temperature profile must be approximated differently accordingly as the point in question lies upstream or downstream of the distance where a maximum is first obtained in the temperature profile.
It is both convenient and reasonably accurate to represent the various profiles by appropriate portions of trigonometric functions. For example, Lock (9) has employed this approximation in one method of treating the viscous layer between two parallel streams of gas. For the velocity profile the distribution will be
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The concentration distribution is also relatively simple except that it must be written with respect to the concentration K(f30) and with respect to the limit /3o(x) of the combustion zone. Therefore
Now for the region X < Xj the temperature profile may also be approximated in this elementary manner
but for x > Xi it must be possible for the profile to show a maximum temperature. To accomplish this in a relatively simple manner it is sufficiently realistic to assume that for any value of x, the maximum temperature occurs at the lower boundary of the diffusion zone, that is, where y = -~2(X), The maximum temperature is then just t'J( -~2) and the temperature profiles are
Substitution of these profiles into the preceding six integral equations yields six simultaneous ordinary differential equations for the functions (h(x), Mx), ~I(X), ~z(x), 1' 31 (X) , and f32(X). As an illustration it is instructive to use the same example employed in the perturbation analysis, that is, where U1 = Uz == u. Then only four functions are involved, G1(X) and Mx) being absent since no shearing stresses are present.
Furthermore the temperature 60 is just (61 + 1)/2, since it is that value which would occur at the interface in the absence of combustion. From the trigonometric relations themselves it is easily shown that f3o(x) = 1/2 (1' 31 -1'32 (llJ. )
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Actually these expressions give a fairly accurate idea of the behavior of the mixing and reaction zones for X < 
The complete calculation is shown in Fig. 5 The development of the combustion zone into a laminar flame front was calculated by numerical integration of the differential Equations [51] and [55] . The resulting value ofthegas temperature at y = -~2 is shown in Fig. 6 from the value X = Xi on to the point where a normal flame front appears. The exponential increase of the maximum temperature is shown as the gas moves away from the point of initial mixing. ... The detailed progress of the various regions and zones are traced in Fig. 7 , in which the vertical scale is exaggerated, and demonstrates well the relatively sudden appearance of the laminar flame propagating into combustible mixture. This is indicated by the rapid convergence of the lines representing different temperatures and hence the appearance of strong temperature gradients. Also of interest is the observation (both from Fig. 6 and from Fig. 7 ) that the small perturbation analysis is probably adequate to describe the major portion of the reaction zone preceding the appearance of a laminar Fig. 8 , show the rapidity with which the temperature gradient steepens to the laminar flame front. It is particularly striking that the major steepening of the gradient takes place in the last 10 per cent of the reaction zone. Concluding Remarks Through application of a boundary layer type of analysis to the problem of ignition and combustion in the mixing zone between parallel streams of combustible gas and combustion products, some of the essential features have been deduced with relative ease. In particular, although the stream of combustible gas eventually ignites, the distance (or time) required is excessive where the temperature of the hot stream is too low. Then the flame develops so far downstream that it is essentially "blown off" any finite apparatus.
In a broader sense the analysis shows that a new class of combustion problems is open to investigation through extension of the usual boundary layer concepts. In addition LAMINAR FLAME FRONT\ ,<1,(x), to, (x) 4. (x) to, (x) P, (x) ~r ~----I~---~I~---~I:__---*I----rl----~b----~1----+1-- to the present one, this class includes such important problems as the theory of thermal quenching near a cool wall, the ignition and flame stabilization on a heated surface from which the boundary layer is unseparated, the erosive burning of solid propellent grains, and a great many others. There is no essential difficulty in proceeding to problems with axial symmetry and it seems quite possible that the process may be extended to include cases of turbulent mixing. Thus the theory of the plane laminar flame together with the description of such boundary layer regions as may be treated by the methods just described, seem to provide an adequate description of a relatively large group of problems which involve steady constant pressure deflagration.
